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113 Sum And Difference Identities

Introduction

Trigonometry can feel like a foreign
language for many students,  but  its
core  concepts  unlock  a  deeper
understanding  of  geometry,  physics,
and  engineering.  Among  the  most
powerful  tools  in  a  mathematician’s
toolkit  are  the  sum  and  difference
identities. These formulas allow us to
break  down  complex  angles  into

s impler  components ,  making
calculations  manageable  and  even
elegant. In this comprehensive guide,
we  will  explore  what  are  often
referred  to  as  the  113  Sum  And
Difference  Identities—a  set  of
foundational  equations  that  every
learner should master.  Whether you
are preparing for an exam, brushing
up on precalculus, or simply curious
about  how  angles  combine,  this
article  will  walk  you  through  each



identity  step  by  step,  with  clear
examples  and  practical  tips.  By  the
end,  you  will  not  only  know  the
formulas  but  also  understand  why
they  work  and  how  to  apply  them
confidently.

What Are the 113 Sum
And Difference
Identities?

T h e  p h r a s e  1 1 3  S u m  A n d
Difference  Identities  commonly
refers to a collection of trigonometric
identities  that  express  the  sine,
cosine,  and  tangent  of  the  sum  or
difference of two angles in terms of

the sines and cosines of the individual
angles. While the number “113” might
initially  seem  puzzling,  it  often
appears in textbook problem sets or
course numbering (e.g., Section 11.3
or Problem 113). In reality, there are
six primary identities: three for sum
(sine, cosine, tangent) and three for
difference  (sine,  cosine,  tangent).
Understanding  these  six  core
formulas  gives  you  the  ability  to
simplify expressions, solve equations,
and verify other identities. The term
“113” has become shorthand among
educators  for  this  specific  body  of
knowledge,  and  mastering  it  is  a
milestone  in  any  trigonometry
curriculum.
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The Core Formulas

Let’s  clearly  list  the  six  identities.
Assume α and β are any two angles.

Sum Identity for Sine: sin(α +
β) = sin α cos β + cos α sin β
Difference Identity for Sine:
sin(α – β) = sin α cos β – cos α
sin β
Sum Identity for Cosine: cos(α
+ β) = cos α cos β – sin α sin β
Difference Identity for
Cosine: cos(α – β) = cos α cos β
+ sin α sin β
Sum Identity for Tangent:
tan(α + β) = (tan α + tan β) / (1
– tan α tan β)
Difference Identity for

Tangent: tan(α – β) = (tan α –
tan β) / (1 + tan α tan β)

These  formulas  are  derived  from
geometric proofs and the unit circle.
They are incredibly robust and serve
as the foundation for many advanced
topics,  including  double-angle  and
half-angle  identities.

Why Are These
Identities So
Important?

The  113  Sum  And  Difference
Identities  are  not  just  abstract
equations;  they  have  real-world



applications.  Engineers  use  them to
combine wave functions, astronomers
calculate  the  position  of  celestial
bodies, and architects model periodic
stresses. In academic settings, these
identities  are  gateways  to  solving
trigonometric  equations  that  would
otherwise  be  unsolvable.  For
instance, if you know the exact values
of sine and cosine for 30° and 45°,
you  can  use  sum  and  difference
formulas  to  find  the  exact  sine  or
cosine of 75° (30° + 45°) or 15° (45° –
30°) without a calculator. This ability
to derive exact values is a powerful
skill  in  calculus,  where  limits  and
derivatives  often  rely  on  these
foundational  relationships.

Deriving Exact Values

Let’s  illustrate  with  an  example.
Suppose we want the exact value of
sin  75°.  Using  the  sum identity  for
sine with α = 45° and β = 30°:

sin 75° = sin(45° + 30°) = sin 45° cos
30° + cos 45° sin 30°

We know sin 45° = √2/2, cos 30° =
√3/2, cos 45° = √2/2, sin 30° = 1/2.
Substituting:

sin 75° = (√2/2)(√3/2) + (√2/2)(1/2) =
(√6/4) + (√2/4) = (√6 + √2)/4

This  exact  result  is  far  more useful
than  a  decimal  approximation,
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e s p e c i a l l y  i n  h i g h e r - l e v e l
mathematics. Similarly, the difference
identity  helps  find  exact  values  for
angles like 15°.

How to Memorize the
Identities Efficiently

Many students struggle to recall the
113 Sum And Difference Identities
under exam pressure. However, a few
memory  tricks  can  make  retention
natural.  One  popular  mnemonic  for
the sine and cosine formulas is “Sum
Signs  Stay  the  Same”  for  sine  and
“Sum Signs Change” for cosine. More
specifically:

For sine of a sum: The sign
between the terms is positive
(sin α cos β + cos α sin β). For
sine of a difference: the sign
becomes negative (sin α cos β –
cos α sin β).
For cosine of a sum: The sign
between the products is
negative (cos α cos β – sin α sin
β). For cosine of a difference:
the sign is positive (cos α cos β
+ sin α sin β).

Another  technique  is  to  write  the
formulas  on  a  reference  card  and
practice deriving them from the unit
circle.  Once  you  understand  the
geometric reasoning—especially using
the  distance  formula  or  rotating



coordinates—the  equations  become
less  arbitrary  and  more  intuitive.

Verifying the Tangent
Identities

The  tangent  sum  and  difference
identities are easily derived from the
sine and cosine versions. Recall that
tan θ = sin θ / cos θ. Therefore:

tan(α + β) = sin(α + β) / cos(α + β) =
(sin α cos β + cos α sin β) / (cos α cos
β – sin α sin β)

Divide numerator and denominator by
cos α cos β (assuming cos α cos β ≠
0):

= (tan α + tan β) / (1 – tan α tan β)

Similarly  for  the difference identity.
This  derivation  helps  you  avoid
memorizing  the  tangent  formulas
separately—you can reconstruct them
if you remember the sine and cosine
forms.

Common Mistakes and
How to Avoid Them

E v e n  e x p e r i e n c e d  s t u d e n t s
occasionally  misapply  the 113 Sum
And  Difference  Identities.  One
frequent error is mixing up the signs.
For example, mistakenly writing cos(α
+ β) = cos α cos β + sin α sin β (which
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is actually the formula for cos(α – β)).
Another  mistake  is  forgetting  to
distribute  the  negative  sign  when
subtracting angles,  especially  in  the
sine difference identity. A good habit
is to always rewrite the problem using
the  sum  format:  sin(α  –  β)  can  be
thought of as sin[α + (–β)], and then
apply  the  sum  ident i ty  whi le
remembering that sin(–β) = –sin β and
cos(–β) = cos β. This approach gives
you:

sin(α  –  β)  = sin  α  cos(–β)  + cos  α
sin(–β) = sin α cos β – cos α sin β.

This  method  reduces  memorization
and reinforces the parity of sine and
cosine functions.

Example: Solving an
Equation

Consider the equation sin(x + 30°) =
cos  x.  Using  the  sum  identity,  we
have:

sin x cos 30° + cos x sin 30° = cos x

We know cos 30° = √3/2 and sin 30°
= 1/2. So:

(√3/2) sin x + (1/2) cos x = cos x

Multiply both sides by 2: √3 sin x +
cos x = 2 cos x → √3 sin x = cos x →
tan x  = 1/√3 = √3/3 → x  = 30° +
k·180° (or in radians: π/6 + kπ). The
sum identity allowed us to convert a



compound-angle  equation  into  a
simple  trigonometric  equation.

Connections to Other
Trigonometric Topics

The  113  Sum  And  Difference
Identities are not isolated; they link
directly  to  double-angle,  half-angle,
and  product-to-sum  formulas.  For
instance,  setting  β  = α  in  the  sum
identity for sine gives sin(2α) = 2 sin
α cos α, the double-angle identity. The
cosine sum formula yields cos(2α) =
cos²α  –  sin²α.  Similarly,  sum-to-
product formulas (like sin α + sin β)
derive  from  adding  the  sum  and
difference  identities.  Understanding

these connections creates a cohesive
framework,  making  trigonometry
more  logical  and  less  fragmented.

Real-World Application:
Sound Waves

In  audio  engineering,  two  sound
waves of different frequencies can be
combined.  The  sum  identity  helps
model the resultant wave pattern. For
example,  if  a  wave  is  described  by
sin(ω₁t) and another by sin(ω₂t), the
product  of  these  waves  (which
appears in amplitude modulation) can
be  expressed  using  sum-to-product
identities derived from the sum and
difference  formulas.  This  allows
engineers  to  design  filters  and
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synthesize sounds with precision.

Practice Problems:
Build Your Confidence

The best way to internalize the 113
Sum And Difference Identities  is
through  consistent  practice.  Below
are  a  few  problems  to  try.  Work
t h r o u g h  t h e m  s t e p  b y  s t e p ,
referencing the formulas as needed.

Find the exact value of cos 105°1.
using sum or difference
identities. (Hint: 105° = 60° +
45° or 135° – 30°)
Simplify the expression:2.
sin(40°)cos(20°) +

cos(40°)sin(20°).
Prove that tan(π/4 + x) = (1 +3.
tan x) / (1 – tan x).
Solve for x in [0, 2π): sin(x +4.
π/3) = sin(x – π/3).

For  the  f i r s t  prob lem,  us ing
cos(60°+45°)  =  cos60°cos45°  –
s in60°s in45°  =  (1 /2) (√2/2)  –
(√3/2)(√2/2) = (√2/4) – (√6/4) = (√2 –
√6)/4. This matches the known exact
value.

Conclusion

The  113  Sum  And  Difference
Identities  are  a  cornerstone  of
trigonometry. By understanding these



six  formulas—sine,  cosine,  and
t a n g e n t  f o r  b o t h  s u m  a n d
difference—you  gain  the  ability  to
manipulate  angles  with  confidence.
They allow you to derive exact values,
solve  complex  equations,  and  build
bridges to more advanced concepts.
While  memorization  helps,  the  true
power lies in recognizing the patterns
and  logic  behind  each  identity.
Practice  regularly,  use  visualization

on  the  unit  circle,  and  connect  the
identities to real-world scenarios. As
you master these tools, you will find
that  trigonometry  becomes not  only
manageab le  but  a l so  deep ly
satisfying. Keep this guide handy as a
reference,  and  soon  you  will  be
applying  the  sum  and  difference
ident i t ies  ef fort less ly  in  any
mathematical  context.


