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Mathematical Induction Step By Step

Understanding Mathematical Induction Step By Step: A
Beginner's Guide to Proof by Induction

Mathematical induction is one of the most powerful and elegant proof techniques
in mathematics. It is used to prove statements that assert something is true for all
natural  numbers,  such  as  formulas  for  sums,  divisibility  properties,  and
inequalities. If you have ever wondered how mathematicians prove that a formula
works for every single number without checking each one individually, the answer
lies in induction. This article will walk you through mathematical induction step by
step, breaking down the process so that anyone can understand and apply it with
confidence. Whether you are a student encountering this topic for the first time or
someone looking to refresh your understanding, this guide will provide a clear and
thorough explanation.

At its core, mathematical induction is like setting up a row of dominoes. If you can
knock over the first domino, and you can prove that whenever one domino falls it
knocks over the next one, then all the dominoes will  fall.  This simple analogy
captures  the essence of  induction:  establish  a  base case and then prove an
implication  that  carries  the  truth  forward.  In  this  article,  we will  explore  the
fundamental  principle  behind induction,  walk  through each step with  detailed
examples, discuss common pitfalls, and examine advanced variations. By the end,
you will have a solid grasp of how to construct and write a proof by induction on
your own.

What Is Mathematical Induction?

Mathematical  induction  is  a  method  of  proof  used  to  establish  that  a  given
statement is true for all positive integers or natural numbers. It is particularly
useful for proving formulas, identities, and inequalities that involve a variable n
that ranges over the natural numbers. The method relies on two main steps: the
base case and the inductive step. When both are verified, the statement is proven
for every natural number.

The statement we want to prove is usually denoted as P(n), which is a proposition
or claim that depends on the integer n. For example, P(n) might be the claim that
the sum of the first n natural numbers equals n(n+1)/2. The goal is to show that
P(n) is true for all n from 1 onward. Induction provides a logical framework for
doing this without having to test infinitely many cases.

The Principle Behind Induction

The principle of mathematical induction can be stated formally as follows: If we
can show that P(1) is true (the base case), and that for any positive integer k, if
P(k) is true then P(k+1) is true (the inductive step), then P(n) is true for all positive



integers n. This works because the truth propagates like a chain: P(1) implies P(2),
P(2) implies P(3), P(3) implies P(4), and so on. This chain reaction ensures that
every natural number is covered.

This principle is derived from the well-ordering property of the natural numbers,
which states that every non-empty set of natural numbers has a least element.
While  you  do  not  need  to  delve  into  the  foundations  to  use  induction,
understanding the underlying logic helps in constructing valid proofs.

The Two Essential Steps of Mathematical Induction Step
By Step

Every proof by induction follows a standard structure. It is important to master this
structure because it provides a reliable template for tackling induction problems.
The two main parts are the base case and the inductive step, but within the
inductive step there is a crucial sub-part called the inductive hypothesis. Let us
examine each part carefully.

Step 1: The Base Case

The base case is the foundation of your induction proof. You must verify that the
statement P(n) is  true for the smallest value of n that you are interested in.
Usually, this is n = 1, but sometimes the statement might only be true for n
starting at 0 or at some other integer, such as n = 2. The base case is usually the
easiest part of the proof, but it is absolutely essential. Without a valid base case,
the induction cannot get started.

For  example,  if  we  want  to  prove  that  the  sum of  the  first  n  natural  numbers  is
n(n+1)/2, we check the base case n = 1. The left-hand side is just 1, and the right-
hand side is  1(1+1)/2 = 1.  Since both sides match,  P(1)  is  true.  This simple
verification is the foundation upon which the rest of the proof is built.

Step 2: The Inductive Hypothesis

The inductive hypothesis is an assumption you make as part of the inductive step.
You assume that the statement P(k) is true for some arbitrary positive integer k.
This assumption is not a leap of faith; it is a conditional assumption used to prove
that if P(k) holds, then P(k+1) must also hold. You are not proving that P(k) is true
for all k at this point—you are simply assuming it for a single, arbitrary k to see
what consequences follow.

For the sum formula example, the inductive hypothesis would be that the sum of
the first k natural numbers equals k(k+1)/2. We write this down clearly as part of
our proof.

Step 3: The Inductive Step

In the inductive step, you use the inductive hypothesis to prove that P(k+1) is
true. This is the heart of the induction proof. You start with the statement you
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want to prove for n = k+1 and manipulate it so that you can apply the inductive
hypothesis. Typically, this involves expressing the k+1 case in terms of the k case,
then  substituting  the  assumed  formula  or  property,  and  finally  simplifying  to
obtain  the  desired  result.

For  the  sum  formula,  we  want  to  show  that  the  sum  of  the  first  k+1  natural
numbers equals (k+1)(k+2)/2. We write the sum as the sum of the first k numbers
plus  the  (k+1)th  number.  By  the  inductive  hypothesis,  the  sum  of  the  first  k
numbers  is  k(k+1)/2.  Adding  (k+1)  gives  k(k+1)/2  +  (k+1).  Factoring  and
simplifying yields (k+1)(k+2)/2, which is exactly the formula for n = k+1. This
completes the inductive step.

Detailed Example: Proving a Formula for the Sum of
Natural Numbers

Let us now walk through a complete proof by induction using the classic example
of  the  sum  of  the  first  n  natural  numbers.  This  example  will  solidify  your
understanding  of  the  step-by-step  process.

Statement to prove: For all positive integers n, the sum 1 + 2 + 3 + ... + n
equals n(n+1)/2.

Base Case (n = 1): The left-hand side is 1. The right-hand side is 1(1+1)/2 = 1.
Both sides are equal, so P(1) is true.

Inductive Hypothesis: Assume that for some arbitrary positive integer k, the
sum 1 + 2 + 3 + ... + k equals k(k+1)/2.

Inductive Step: We need to prove that 1 + 2 + 3 + ... + k + (k+1) equals
(k+1)(k+2)/2.

Start with the sum for k+1: 1 + 2 + 3 + ... + k + (k+1). This can be grouped as [1
+ 2 + 3 + ... + k] + (k+1). By the inductive hypothesis, the bracketed sum equals
k(k+1)/2.  Therefore,  the  total  sum is  k(k+1)/2  + (k+1).  Factor  (k+1)  to  get
(k+1)[k/2 + 1] = (k+1)(k+2)/2. This is exactly the formula for n = k+1. Hence,
P(k+1) is true.

Conclusion: Since the base case holds and the inductive step has been proven,
by the principle of mathematical induction, the statement is true for all positive
integers n.

This  example illustrates the clean,  logical  flow of  a  proof  by induction.  Once you
understand this pattern, you can apply it to a wide range of problems.

Another Example: Proving a Divisibility Statement

Induction is  not  limited to  sum formulas.  It  is  also  commonly  used to  prove
divisibility properties. Here is another example worked out step by step.



Statement to prove:  For  all  positive integers  n,  the expression n³  + 2n is
divisible by 3.

Base Case (n = 1): 1³ + 2(1) = 1 + 2 = 3, which is divisible by 3. So P(1) is true.

Inductive Hypothesis: Assume that for some arbitrary positive integer k, k³ + 2k
is divisible by 3. That is, k³ + 2k = 3m for some integer m.

Inductive Step: We need to show that (k+1)³ + 2(k+1) is divisible by 3. Expand
the expression: (k+1)³ + 2(k+1) = k³ + 3k² + 3k + 1 + 2k + 2 = (k³ + 2k) + 3k² +
3k + 3. Group the terms: (k³ + 2k) + 3(k² + k + 1). By the inductive hypothesis,
(k³ + 2k) is divisible by 3, so it can be written as 3m. The remaining term 3(k² + k
+ 1) is clearly divisible by 3. Therefore, the entire expression is divisible by 3. This
proves P(k+1) is true.

Conclusion: By induction, n³ + 2n is divisible by 3 for all positive integers n.

This example shows how induction can elegantly handle divisibility proofs. The key
is to rewrite the k+1 case in terms of the k case so that the inductive hypothesis
can be applied.

Common Mistakes to Avoid in Induction Proofs

Even after  understanding the steps,  students often make errors when writing
induction proofs. Being aware of these common pitfalls will help you write correct
and rigorous proofs.

Forgetting the Base Case

Some beginners try to prove the inductive step without establishing a base case.
This is a fatal error because the induction must start somewhere. Without a base
case, the chain of reasoning has no anchor, and the proof is incomplete. Always
verify the base case explicitly.

Assuming Too Much in the Inductive Hypothesis

The inductive hypothesis should be a simple assumption that P(k) is true. Do not
assume that  P(k)  is  true  for  all  values  up to  k  unless  you are  using  strong
induction.  For  ordinary  induction,  you only  need to  assume P(k)  for  a  single
arbitrary k.

Proving the Wrong Implication

Make sure you are proving that P(k) implies P(k+1), not the other way around.
Sometimes students mistakenly assume P(k+1) and try to derive P(k), which is not
logically valid for induction. Always start with P(k) and work toward P(k+1).

Skipping Algebraic Steps

Induction  proofs  often  involve  algebraic  manipulation.  Rushing  through  these



Mathematical Induction Step By Step

Downloaded from tracker.dreammachineusa.org by Guerra & Trujillo • Every book is a new
adventure. • Page 5

steps can lead to errors. Write out each step clearly, especially when factoring or
simplifying. This also makes your proof easier for others to follow.

Using Induction on Non-Integer Variables

Induction is defined for natural numbers or integers. Do not try to apply induction
directly to real numbers or continuous variables. If your statement involves real
numbers, you may need to use a different proof technique.

Strong Induction: A Powerful Variation

Sometimes  ordinary  induction  is  not  sufficient  because  the  truth  of  P(k+1)  may
depend on more than just P(k). In such cases, we use a variation called strong
induction. Strong induction is a natural extension of the basic method and follows
the same overarching principle, but with a modified inductive hypothesis.

In strong induction, the inductive hypothesis assumes that P(j) is true for all j from
the base case up to k, rather than just for k. The inductive step then shows that if
all these earlier statements are true, then P(k+1) is also true. This is especially
useful for proofs involving recurrence relations, such as the Fibonacci sequence,
where each term depends on the two previous terms.

For example, to


