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Mastering Linear Programming: A Guide to Solving
Word Problems

Linear programming is a powerful mathematical technique used to optimize a linear objective
function, subject to a set of linear equality and inequality constraints. It is widely applied in
business, economics, engineering, logistics, and many other fields where resources must be
allocated efficiently. One of the most challenging yet rewarding aspects of learning linear
programming is tackling linear programming word problems and solutions. These problems
translate real-world scenarios into mathematical models, allowing decision-makers to find the best
possible outcome—whether that is maximizing profit, minimizing cost, or optimizing time. In this
comprehensive guide, we will break down the process of approaching these problems, provide clear
examples, and share proven strategies for finding the optimal solution. By the end, you will feel
confident in your ability to handle any linear programming word problem that comes your way.

What is Linear Programming?

Linear programming (LP) is a subset of mathematical optimization. It involves choosing the best set
of values for decision variables that satisfy given constraints while optimizing a linear function. The
key components of any linear programming model are:

¢ Decision Variables: The unknowns you are solving for (e.g., number of units to produce).

e Objective Function: A linear expression that you want to maximize or minimize (e.g.,
profit, cost).

e Constraints: Linear equations or inequalities that represent restrictions on resources, time,
or other limits.

o Non-negativity Restrictions: Usually, decision variables cannot be negative (e.g., you
cannot produce a negative number of products).

Understanding these elements is the foundation for solving any word problem. The challenge often
lies in translating the words of a problem into the precise mathematical form required for linear
programming.

Why Are Linear Programming Word Problems Important?

Real-world problems are rarely given in neat mathematical notation. Managers, engineers, and
analysts encounter descriptions of situations—production schedules, shipping routes, investment
portfolios—and must convert these into an optimization model. Linear programming word
problems and solutions therefore bridge the gap between abstract math and practical decision-
making. Mastering this skill means you can:
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Identify the objective and constraints from a narrative.

Define appropriate decision variables.

Set up the linear programming model correctly.
¢ Solve using graphical methods, the simplex method, or software.
e Interpret the solution in the context of the original problem.

Step-by-Step Approach to Solving Linear Programming Word Problems

To consistently produce correct linear programming word problems and solutions, follow this
systematic process:

1. Read the problem carefully — Identify what is being optimized (maximize or minimize).
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Underline key phrases like "maximize profit," "minimize cost,” "at most," "at least,” "no
more than."

2. Define decision variables — Choose clear, descriptive variable names (e.g., \(x\) = number
of chairs, \(y\) = number of tables). Write down what each variable represents.

3. Formulate the objective function — Express the quantity to be optimized as a linear
function of the decision variables. Include coefficients from profit, cost, or other data.

4. Identify and write constraints — Convert each restriction into a linear inequality or
equation. Common phrases: "cannot exceed" translates to \(\leq\), "must be at least"
translates to \(\geq\), and "exactly" translates to \(=\).

5. Add non-negativity constraints — Usually \(x \geq O\) and \(y \geq O\) unless otherwise
stated.

6. Solve the model — For problems with two variables, use the graphical method: plot
constraints, find the feasible region, and evaluate the objective at the corner points. For
larger problems, use the simplex method or software (e.g., Excel Solver, Python libraries).

7. Interpret the solution — State the optimal values of the decision variables and the optimal

objective value. Explain what this means in the context of the problem.
Example 1: Production Planning (Maximization)

Problem: A small factory produces two types of products: A and B. Product A yields a profit of
$40 per unit, and product B yields a profit of $30 per unit. Each unit of product A requires 2 hours
of machine time and 1 hour of labor. Each unit of product B requires 1 hour of machine time and 2
hours of labor. The factory has 100 machine hours and 80 labor hours available per week. How
many units of each product should be produced to maximize weekly profit? What is the maximum
profit?

Step 1: Decision Variables
Let \(x\) = number of units of product A per week.
Let \(y\) = number of units of product B per week.

Step 2: Objective Function
Maximize profit \(P = 40x + 30y\).

Step 3: Constraints

e Machine time: \(2x + 1y \leq 100\)
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e Labor time: \(1x + 2y \leq 80\)
e Non-negativity: \(x \geq O\), \(y \geq 0\)

Step 4: Graphical Solution

Plot the constraints. The feasible region is a polygon with vertices at (0,0), (50,0), (0,40), and the
intersection of the two lines. Solve \(2x + y = 100\) and \(x + 2y = 80\). Multiply the second
equation by 2: \(2x + 4y = 160\). Subtract the first: \((2x+4y)-(2x+y)=160-100 \Rightarrow 3y=60
\Rightarrow y=20\). Then from \(2x+20=100\) we get \(x=40\). So intersection point is (40,20).
Evaluate objective at each corner:

e (0,0): P=0

e (50,0): P=2000

¢ (0,40): P=1200

e (40,20): P=40*40 + 30*20 = 1600+600=2200

Maximum profit is $2200 at (40,20).

Interpretation: Produce 40 units of A and 20 units of B per week to achieve a maximum profit of
$2200.

Example 2: Diet Problem (Minimization)

Problem: A nutritionist is planning a diet that must contain at least 200 mg of calcium and at least
300 mg of iron. Two foods are available. Food X provides 40 mg of calcium and 30 mg of iron per
serving, and costs $0.50 per serving. Food Y provides 20 mg of calcium and 50 mg of iron per
serving, and costs $0.80 per serving. How many servings of each food should be used to minimize
cost while meeting the nutritional requirements?

Step 1: Decision Variables
Let \(x\) = number of servings of food X.
Let \(y\) = number of servings of food Y.

Step 2: Objective Function
Minimize cost \(C = 0.50x + 0.80y\).

Step 3: Constraints

e Calcium: \(40x + 20y \geq 200\)
e Iron: \(30x + 50y \geq 300\)
e Non-negativity: \(x \geq O\), \(y \geq 0\)

Step 4: Graphical Solution

Plot the lines. For calcium, intercepts: x=5, y=10. For iron, intercepts: x=10, y=6. The feasible
region is unbounded above but bounded to the right and top. The vertices are intersection points
with axes and the intersection of the two lines. Intersection: solve \(40x+20y=200\) and
\(30x+50y=300\). Multiply first by 1.5: \(60x+30y=300\). Subtract second: \((60x+30y)-
(30x+50y)=300-300 \Rightarrow 30x -20y =0 \Rightarrow 3x=2y \Rightarrow y=1.5x\). Substitute
into first: \(40x+20(1.5x)=200 \Rightarrow 40x+30x=200 \Rightarrow 70x=200 \Rightarrow

Downloaded from tracker.dreammachineusa.org by Sanaa & Adelaide * The journey of a thousand miles begins with

a single page. * Page 3



x=20/7 \approx 2.857\), then \(y=1.5%(20/7)=30/7 \approx 4.286\). Also check intercepts: (5,0)
gives 200 calcium but 150 iron — fails iron constraint. (0,10) gives 200 calcium and 500 iron —
feasible? At (0,10): iron=500=300 ok, but cost=8.00. (10,0): gives 400 calcium, 300 iron —
feasible, cost=5.00. But we need to consider the intersection point which may yield lower cost.
Evaluate:

e (0,10): C=0.5*0+0.8*10=8.00
e (10,0): C=5.00
e (2.857,4.286): C=0.5%2.857+0.8%4.286 = 1.4285+3.4288=4.8573 ~ $4.86

Thus minimum cost is approximately $4.86 at about 2.86 servings of X and 4.29 servings of Y. In
real life, you would adjust to whole servings, but the LP solution gives the optimal continuous
numbers.

Interpretation: Use about 2.86 servings of food X and 4.29 servings of food Y to meet nutritional
requirements at the lowest cost of about $4.86.

Common Pitfalls to Avoid

When working through linear programming word problems and solutions, students and
practitioners often make similar mistakes. Watch out for:

e Misreading the objective: Ensure you know whether to maximize or minimize. Look for
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words like "profit," "revenue," "efficiency” (max) vs. "cost,

non nn

time," "waste" (min).

¢ Reversing inequality signs: "At least" means \(\geq\); "no more than" means \(\leq\).
Double-check the direction.

¢ Forgetting non-negativity: Always include \(x \geq 0, y \geq O\) unless the problem allows
negative values (rare).

¢ Ignoring units: Make sure all constraints use the same units (hours, pounds, dollars).
Convert if necessary.

e Not verifying coordinates: When solving graphically, re-calculate intersection points

carefully. A small arithmetic error can lead to wrong corner points.
Using Technology for Complex Problems

While graphical methods work for two-variable problems, many real-world scenarios involve
dozens or hundreds of variables. In such cases, linear programming software or programming
languages (Python with PuLP or SciPy, R, Excel Solver) are essential. However, the ability to
manually set up the correct model from a word problem remains the most critical skill. Technology
can solve the math, but only you can translate the narrative into a proper formulation. Therefore,
practice with many linear programming word problems and solutions to strengthen your
modeling abilities.

Tips for Success

1. Draw a table: For problems with multiple resources and products, organize given data in a
table to clarify relationships.
2. Label everything: Clearly define each variable and note units.
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3. Check feasibility: After solving, test if your solution satisfies all constraints—including
non-negativity.

4. Interpret in words: Always write a concluding sentence that answers the original question
in plain language.

5. Practice regularly: The more word problems you work through, the easier it becomes to
spot patterns
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