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Introduction
to Boolean
Algebra and
the
Distributive
Property

Boolean algebra,
named after
mathematician

George Boole, is a
branch of algebra that
deals with binary
variables and logical
operations. Unlike
ordinary algebra,
where variables can

number, Boolean
variables have only
two possible values:
true (1) or false (0).
The fundamental
operations in Boolean
algebra are AND
(conjunction, often
represented by - or
A), OR (disjunction,
represented by + or
V), and NOT
(negation,
represented by or ).
These operations form
the mathematical
foundation of digital
logic design,
computer circuits,
and programming
conditional
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that govern Boolean
algebra, the
distributive law
holds a particularly
important place. It
describes how one
operation interacts
with another across a
set of variables. In
Boolean algebra, the
distributive law takes
two distinct forms
because of the duality
principle: one where
AND distributes over
OR, and another
where OR distributes
over AND.
Understanding these
laws is essential for
simplifying complex
Boolean expressions,

minimizing logic
circuits, and
improving the

efficiency of digital
systems.

Distributive
Law in
Boolean
Algebra?

The distributive law in
Boolean algebra
mirrors the

distributive property
of ordinary algebra
but with critical
differences due to the
binary nature of the
variables. In standard

algebra,
multiplication
distributes over

addition: a X (b + ©)
=(axb)+ (a x ).
In Boolean algebra, a
similar relationship
holds for the AND
operation distributing
over the OR
operation:

¢ AND over OR:
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A-B+C)=(A
B) + (A-C)

e OR over AND:
A+B-C)=(A
+B):-(A+C)

The second form,
where OR distributes
over AND, has no
direct analogue in
ordinary arithmetic
and is unique to
Boolean algebra. This
duality arises because
the OR and AND
operations are duals
of each other under
the principle of
duality, which states
that every algebraic
expression remains
valid if we swap +
and - and replace 0
with 1 and 1 with 0.

First Form: AND
Distributing
Over OR

The expression A - (B

C) is intuitive. On the
left-hand side, we
AND A with the result
of B OR C. On the
right-hand side, we
AND A with B and
also AND A with C,
then OR those two
results together. This
is exactly analogous
to the distributive
property in ordinary
algebra: 2 x (3 + 4) =
(2 x3)+ (2 x 4). For
Boolean values (0 or
1), the truth table
confirms the equality
for all combinations of
A, B, and C.

Second Form: OR
Distributing
Over AND

The expression A +
(B-C)=(A+B)-
(A + C) may seem
strange at first. In
ordinary algebra,

FC)y= (A
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distribute over
multiplication: 2 + (3
Xx4)#(2+3)x(2+
4). Yet in Boolean
algebra, this equality
holds perfectly due to
the logical nature of
OR and AND. This
unique property is a
direct consequence of
the fact that Boolean
values are restricted
to 0 and 1, and the
truth tables for OR
and AND align in such
a way that
distribution works
both ways.

Proving the
Distributive
Laws with
Truth Tables

The most
straightforward way
to verify the
distributive laws is to
construct truth tables

for all possible input
combinations. Since
Boolean variables are
binary, there are only
2° = 8 combinations
for three variables.
We can compute both
sides of each law and
confirm they match
for every row.

Truth Table for A
- B+0C)=(A"-
B)+ (A-0O)

1. For A=0, B=0,
C=0: LHS =
0:(0+0)=0; RHS

(0-0)+(0-0)=0+0
=0. Equal.

2. For A=0, B=0,
C=1:LHS =
0-(0+1)=0-1=0;
RHS =
(0-0)+(0-1)=0+0
=0. Equal.

3. For A=0, B=1,
C=0: LHS =
0-(14+0)=0-1=0;
RHS =
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(0-1)+(0-0)=0+0
=0. Equal.

. For A=0, B=1,
C=1:LHS =
0-(1+1)=0-1=0;
RHS =
(0-1)+(0-1)=0+0
=0. Equal.

. For A=1, B=0,
C=0: LHS =
1-(0+0)=1-0=0;
RHS =
(1-0)+(1-0)=0+0
=0. Equal.

. For A=1, B=0,
C=1:LHS =
1-(0+1)=1-1=1;
RHS =
(1-0)+(1-1)=0+1
=1. Equal.

. For A=1, B=1,
C=0: LHS =
1-.(140)=1-1=1;
RHS =
(1-1)+(1-0)=1+0
=1. Equal.

. For A=1, B=1,
C=1:LHS =
1-(1+1)=1-1=1;
RHS =

=1. Equal.

Truth Table for A
+B-O)=A+
B) - (A+ CO)

We use the same
eight combinations.
For brevity, we note
that the equality holds
for all cases. For
example, take A=0,
B=1, C=0: LHS =
0+(1-0)=0+0=0; RHS
(0+1)-(0+
For A=1
LHS

1+(0-1)=

(14+0)-(1+1)=1-1=1.
The pattern holds
across all rows,
confirming the law.

0
0, C=

0)=1-0=0.
, B= 1:

14+0=1; RHS

Applying the
Distributive
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One of the main uses
of the distributive law
in Boolean algebra is
to simplify logical
expressions. Simpler
expressions lead to
smaller, faster, and

less power-hungry
digital circuits.
Consider the
expression:

F=(A-B)+ (A-B)

We can factor out A
using the distributive
law (AND over OR) in
reverse: F = A - (B +
B’). Since B+ B =1
(complement law), we
getF=A-1=A.The
original expression
simplifies to just A.

Another example: G =

(A + B fd?:

Using the second

aiidBibutive law (OR

over AND) in reverse,
we can expand to A +
(B - C). This is a
common
simplification when
factoring: if you have
two terms ANDed
together, each
containing a common
variable A, you can
OR the other parts
and AND with A. In
reality, (A+B)(A+C) =
A + BC is a well-
known Boolean
identity derived
directly from the
distributive law.

When
digital circuits using
AND, OR, and NOT

designing
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gates, the distributive
law helps engineers
minimize the number
of gates required. For
instance, an
expression like (A -
B) + (A - C) requires
two AND gates and
one OR gate. By
applying the
distributive law, we
rewrite itas A - (B +
C), which needs one
AND gate and one OR
gate. That reduces
the gate count from
three to two, saving
space and cost on a
printed circuit board
or integrated circuit.

In programmable
logic devices (PLDs)

and field-
programmable gate
arrays (FPGAs),

simplification using
Boolean laws like the
distributive law allows
designers to fit more

Ul V
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limited number of
logic cells. This is
crucial for high-
density designs such
as microprocessors
and digital signal
processors.

Distributive
Law vs.
Ordinary
Algebra: Key
Differences

While the AND-over-
OR form matches
ordinary distributive
property, the OR-
over-AND form does
not exist in regular
algebra. Why? In
ordinary algebra, the
operations of addition
and multiplication are

defined over an
infinite set of

numbers.




distributes over
addition, but addition
does not distribute
over multiplication
because of
counterexamples such
as 2 + (3x4) = 14 vs
(24+3)%x(2+4)=5%x6=3
0. In Boolean algebra,
the limited domain
(only 0 and 1) and the
idempotent nature of
OR (A+A=A) and AND
(A-A=A) create a
structure where both
distributive forms are
valid.

This duality makes
Boolean algebra a
complemented

distributive lattice.
In lattice theory, a

distributive lattice
satisfies both
distributive laws.

Boolean algebras are
examples of such
lattices, and the
distributive property
is one of the

fundamental axioms
that define them.

Duality
Principle and
the
Distributive
Law

The duality principle
in Boolean algebra
states that if you take
any valid expression
and interchange the +
and - symbols, and
also swap 0 and 1,
you obtain another
valid expression. The
distributive law itself
is dual: the first form
AND over OR has its
dual in the second
form OR over AND.
This is why when we
prove one form, the
other follows by
duality.

Understanding duality
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helps in memorizing
Boolean identities and
simplifies the process
of circuit design — for
every circuit using
AND-OR logic, there
is a dual circuit using
OR-AND logic that
performs an
equivalent function
when the inputs and
outputs are
complemented
appropriately.

Common
Mistakes
When
Applying the
Distributive
Law

One common error is
trying to apply the
distributive law to
expressions that
involve NOT

using De Morgan’s
theorems first. For
example, if you have
the complement of a
sum or product, you
must first apply De
Morgan’s law to
transform it before
distributing. Another
mistake is
misapplying the OR-
over-AND form by
thinking it works like
ordinary addition.
Students sometimes
writeA+ (B-C) = (A
+ B) (A + C)
incorrectly as (A + B)
- C, which is wrong. It
is crucial to
remember that the
OR distributes over
AND in the same
pattern as AND over
OR but with the
operations swapped.

Examples
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Step 2: Thisyd"Pibectice

further simplified

Problems directly, but note that

if Y=1, the whole
Example 1: expression becomes
Simplify (X - Y) + 1. A full simplification
X-Z)+Y may involve

absorption laws, but
Step 1: Using the distributive law
distributive law, was used to combine
factor X: X-(Y+Z) + Y. the first two terms.



