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Introduction to
Rigid Frame
Formulas in
Structural
Engineering

In the world of structural
engineering, few concepts
are as fundamental as the
behavior of rigid frames.
These structural systems,
which consist of beams
and columns connected by
moment-resisting joints,
form the backbone of
countless buildings,
bridges, and industrial
structures. Understanding
the formulas that govern
their behavior is not
merely an academic
exercise but a practical
necessity for any engineer

involved in design,
analysis, or construction.
Rigid frame formulas
provide the mathematical
tools needed to predict
how a structure will
respond to various loads,
ensuring safety,
serviceability, and
economic efficiency. This
article delves into the core
principles, essential
formulas, and practical
applications of rigid frame
analysis, offering a
comprehensive guide for
engineers and students
alike.

What Are Rigid
Frames and Why

Downloaded from tracker.dreammachineusa.org by Mohammed &
Melendez ¢ Knowledge is power. ¢ Page 1



A rigid frame, also known
as a moment-resisting
frame, is a structural
system in which beams
and columns are
connected by joints that
can resist bending
moments. Unlike pin-
connected frames, where
joints are free to rotate,
rigid joints maintain the
angle between connected
members under load,
transferring both shear
forces and bending
moments. This
characteristic gives rigid
frames their inherent
stability and ability to
withstand lateral loads
such as wind and seismic
forces.

The significance of rigid
frame formulas lies in their
ability to quantify this
behavior. Without these
formulas, engineers would
have to rely on overly

SimpIipSis "PRRE)¥ VIR ?
or time-consuming
iterative methods. Rigid
frame formulas allow for
the calculation of key
parameters—such as
bending moments, shear
forces, axial forces, and
deflections—with accuracy
and efficiency. They form

the foundation for
designing safe and
economical structures,

from high-rise buildings
and long-span bridges to
industrial warehouses and
offshore platforms.

Fundamental
Principles Behind
Rigid Frame
Formulas

Before diving into specific
formulas, it is essential to
understand the underlying
principles. Rigid frame
analysis is rooted in three
fundamental concepts:
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equilibrium, compatibility,
and constitutive
relationships.

Equilibrium

Every structure must
satisfy the conditions of
static equilibrium. This
means the sum of all
forces and moments acting
on any part of the frame
must be zero. For a rigid
frame, this involves
balancing horizontal forces,
vertical forces, and
rotational moments at
every joint and across the
entire system. Equilibrium
equations form the first
step in any analysis,
providing the basic
constraints that the
structure must meet.

Compatibility

Compatibility refers to the
requirement that
deformations within the
frame must be consistent.

In a rigid frame,
rotations and deflections of
connected members must
match at the joints. This
means the slope and
displacement of a beam at
a joint must equal those of
the column at the same
joint. Compatibility
conditions ensure that the
structure remains
continuous and that no
gaps or overlaps develop
under load.

Constitutive
Relationships

These relationships
connect stresses and
strains in the material,
typically through Hooke's
Law for linear elastic
behavior. For steel or
concrete frames, the
modulus of elasticity and
moment of inertia are key
parameters that influence
how a member bends and
deforms. Rigid frame
formulas incorporate these
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material properties to
convert applied loads into
internal forces and
displacements.

Key Rigid Frame
Formulas Every
Engineer Should
Know

While many specialized
formulas exist for
particular frame
configurations, certain core
expressions form the basis
of most analyses. Below
are some of the most
important rigid frame
formulas, along with
explanations of their
application.

Slope-Deflection
Equations

The slope-deflection
method is one of the most
powerful tools for
analyzing statically

indeterminate rigid frames.
The fundamental slope-
deflection equation for a
prismatic beam segment
is:

M,, = (2EI /L) * (20, + 6,
- 3y) + FEM,,

In this formula, M,; is the
moment at end A of
member AB, E is the
modulus of elasticity, | is
the moment of inertia, L is
the length of the member,
6, and 6; are the rotations
at ends A and B, y is the
chord rotation (relative
displacement divided by
length), and FEM,; is the
fixed-end moment at A due
to applied loads. This
equation elegantly
captures the relationship
between joint rotations,
member deformations, and
internal moments.

The slope-deflection
formulas are particularly
valuable because they can
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be applied to any rigid
frame, regardless of its
geometry or loading
conditions. By writing
these equations for every
member and solving the
system simultaneously,
engineers can determine
all unknown rotations and
displacements.

Moment Distribution
Method (Hardy
Cross Method)

Developed by Professor
Hardy Cross in the 1930s,
the moment distribution
method is an iterative
technique that avoids
solving large systems of
equations. The key
formulas in this method
involve distribution factors
and carry-over factors.

Distribution Factor (DF)
at a joint for a given
member = (K, .mber) /

(zKaII members at joint)

Where K =1/ L is the
stiffness factor of the
member. The distribution
factor represents the
proportion of an
unbalanced moment that is
distributed to a particular
member.

Carry-Over Factor (COF)
= 0.5 for prismatic
members

When a moment is applied
at one end of a prismatic
member, half of that
moment is carried over to
the opposite end. This
carry-over factor is a direct
consequence of the slope-
deflection equations and is
fundamental to the
moment  distribution
process.

Fixed-End Moment
Formulas

Fixed-end moments are
the moments that develop
at the ends of a member
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when both ends are fully
restrained against rotation.
These are used as starting
points in both slope-

deflection and moment
distribution methods.
Common fixed-end

moment formulas include:

e Uniformly
distributed load
(w) on a span of
length L: FEM = wL?
/ 12 (at both ends,
with sign
conventions)

e Concentrated load
(P) at midspan:
FEM =PL/8

e Concentrated load
(P) at a distance a
from left end and
b from right end:
FEM, = Pab?/ L2,
FEMy. = Pa?b / L2

These formulas are derived
from basic beam theory
and are widely available in
engineering handbooks.
They save significant time

by providing ready-made
expressions for common
loading conditions.

Portal Frame
Formulas for Lateral
Loads

For rigid frames subjected
to lateral loads (wind or
earthquake), simplified
portal frame formulas are
often used in preliminary
design. The portal method
assumes that points of
inflection occur at mid-
heights of columns and
mid-spans of beams. Based
on this assumption, the
shear force in each column
can be determined by
distributing the total lateral
load in proportion to the
column stiffnesses.

Shear in a column =
(Kcolumn / ZKcqumns) * TOtaI
lateral force

This simple formula allows
engineers to quickly



Rigid Frame Formulas

estimate member forces
and moments for initial
sizing, though more
rigorous methods are
needed for final design.

Advanced Rigid
Frame Formulas
for Complex
Structures

While the above formulas
cover many common
scenarios, modern
structures often require
more sophisticated
approaches. Below are
some advanced rigid frame
formulas used in
specialized contexts.

Matrix Stiffness
Method

The matrix stiffness
method, also known as the
direct stiffness method, is
the foundation of most
structural analysis

software. The fundamental
formula is:

{F} = [K] * {D}

Where {F} is the vector of
applied forces, [K] is the
global stiffness matrix of
the frame, and {D} is the

vector of unknown
displacements. The
stiffness matrix is

assembled from individual
member stiffness matrices,
which are derived from the
slope-deflection equations.
This formula is the basis for
finite element analysis of
rigid frames and can
handle arbitrary geometry,
loading, and support
conditions.

Second-Order
Effects (P-A and P-b6
Analysis)

For slender frames or those
subjected to high axial
loads, second-order effects
become significant. The P-
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additional moment caused
by the axial load acting
through the lateral
displacement of the story.
The P-b6 effect considers
the additional moment
within @ member due to its
deflected shape. Rigid
frame formulas for second-
order analysis often take
the form of amplification
factors:

Mdesign = Mﬁrst-order * (1 / (1
-P/P,))

Where P is the axial load
and P, is the critical
buckling load of the frame.
This amplification factor
accounts for the
destabilizing effect of axial
loads on the frame
stiffness.

Practical
Applications of

Formulas

Understanding rigid frame
formulas is essential for a
wide range of practical
engineering tasks. Below
are some real-world
applications where these
formulas play a critical
role.

Building Design

In multi-story buildings,
rigid frames resist both
gravity and lateral loads.
Engineers use rigid frame
formulas to determine the
size and spacing of beams
and columns, ensuring that
deflections and drift are
within acceptable limits.
For example, in a 10-story
office building, the moment
distribution method might
be used to analyze a
typical floor frame under
dead and live loads, while
the portal method provides
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initial estimates for wind
loads.

Bridge Engineering

Rigid frames are common
in bridge construction,
particularly in rigid-frame
bridges where the deck
and piers are monolithic.
Rigid frame formulas help
engineers calculate the
moments and shears at the
deck-pier connection,
which is critical for
designing reinforcement
and ensuring durability.
The slope-deflection
equations are especially
useful for analyzing
continuous spans with
varying stiffness.

Industrial Structures

Industrial buildings, such
as warehouses and
manufacturing plants,
often use rigid frames to
create large open spaces.
These structures must

support heavy equipment,
overhead cranes, and
dynamic loads. Rigid frame
formulas enable engineers
to design frames that are
both strong and
economical, optimizing the
balance between material
cost and structural
performance.

Common Pitfalls
and How to Avoid

Even experienced
engineers can make
mistakes when applying
rigid frame formulas. Below
are some common pitfalls
and tips for avoiding them.

Incorrect Sign
Conventions

Rigid frame formulas are
highly sensitive to sign
conventions. A moment
that is positive in one
convention may be
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negative in another,
leading to errors in the
final results. Always follow
a consistent sign
convention throughout the
analysis, and clearly
document which
convention is being used.

Overlooking Axial
Deformations

In many rigid frame
formulas, axial
deformations of members
are neglected. While this is
acceptable for most frames
where bending dominates,
it can lead to significant
errors in frames with
slender columns or high
axial loads. When axial
deformations matter, use
the matrix stiffness method
that includes axial degrees
of freedom.

Misapplication of
Fixed-End Moments

Fixed-end moment

formulas apply only to
members with both ends
fully fixed against rotation.
If a member has a pin or
roller support at one end,
the fixed-end moments
must be adjusted. Using
standard FEM formulas
without considering the
actual support conditions is
a common source of error.

Ignoring Second-
Order Effects

For tall or slender frames,
first-order analysis may not
be sufficient. Ignoring P-A
and P-0 effects can lead to
an underestimate of
moments and deflections,
potentially compromising
the safety of the structure.
Always check whether

second-order effects are
significant and use
appropriate  amplification

formulas if needed.
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Tools andcS6ftiare

for Using Rigid
Frame Formulas

While many engineers still
perform hand calculations
for simple frames, modern
software has made rigid
frame analysis faster and
more accurate. Popular
tools include:

e MATLAB and
Octave: Excellent
for implementing the
matrix stiffness

customizing rigid
frame formulas for
specific problems.
SAP2000 and
ETABS: Professional
structural analysis
software with built-in
rigid frame elements,
capable of both first-
order and second-
order analysis.
STAAD.Pro: Widely
used for structural
design, with
comprehensive rigid
frame analysis
capabilities and code
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